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éuÈ©«m§e�Ý���§��|^�!:�Newton-Cotes
¦Èúª(~XµF/úª§Simpsonúª½Cotesúª)O��§
Ø�'��§�
Jpê�È©�°(Ý§~~æ^Ez¦È

{.

���!!!VVVggg

ò«m[a, b] n�©§Ú�h = b−a
n §=!:�xk = a + kh,

(k = 0, 1, · · · , n). 3z�f«m[xk, xk+1] (k = 0, 1, · · · , n− 1)
þ, ^$��Newton-Cotesúª¦Ñf(x)3f«mþÈ©�Cq
�Ik, òIk�\¦ÚB���Ez¦Èúª

I(f) =
∫ b

a
f(x)dx ≈

n−1∑
k=0

Ik := In(f) (3.1)

ù«¦È©Cq���{¡�EEEzzz¦¦¦ÈÈÈ{{{.
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�!A«~^�Ez¦Èúª

1. EEEzzzFFF///úúúªªª:

3z�f«m[xk, xk+1](k = 0, 1, · · · , n− 1)þ^F/úª∫ xk+1

xk

f(x)dx ≈ h

2
[f(xk) + f(xk+1)]

�\(3.1)ª§�n�∫ b

a
f(x)dx ≈ h

2
[f(a) + 2

n−1∑
k=1

f(xk) + f(b)]

:= Tn.

¡þª�EEEzzzFFF///úúúªªª.
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EEEzzzFFF///úúúªªª���{{{���(���äääØØØ���)

R(f) =
∫ b

a
f(x)dx− Tn =

n−1∑
k=0

[
∫ k+1

k
f(x)dx]−

n−1∑
k=0

Ik

=
n−1∑
k=0

[
∫ k+1

k
f(x)dx− Ik] =

n−1∑
k=0

[−h3

12
f ′′(ξk)],

Ù¥ξk ∈ (xk, xk+1). �f ∈ C2[a, b], dëY¼ê�5�§
�∃ξ ∈ (a, b)¦� 1

n

∑n−1
k=0 f ′′(ξk) = f ′′(ξ). Ïd§

R(f) =
∫ b

a
f(x)dx− Tn = −h3

12
· n · f ′′(ξ)

= −(b− a)
12

h2f ′′(ξ) = O(h2), (ξ ∈ (a, b)).
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2. EEEzzzSimpsonúúúªªª:

3z�f«m[xk, xk+1](k = 0, 1, · · · , n− 1)þ^Simpsonúª∫ xk+1

xk

f(x)dx ≈ h

6
[f(xk) + 4f(xk+ 1

2
) + f(xk+1)],

Ù¥xk+ 1
2

= xk + 1
2h = x0 + (k + 1

2)h, �\(3.1)ª§�n�

∫ b

a
f(x)dx ≈ h

6
[f(a) + 4

n−1∑
k=0

f(xk+ 1
2
) + 2

n−1∑
k=1

f(xk) + f(b)]

:= Sn.

¡þª�EEEzzzSimpsonúúúªªª.
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EEEzzzSimpsonúúúªªª���{{{���(���äääØØØ���)

�f ∈ C4[a, b]�§Kaq�í�ÑEzSimpsonúª�{�(�ä
Ø�)�

R(f) =
∫ b

a
f(x)dx− Sn

= −(b− a)
180

(
h

2
)4f (4)(ξ) (ξ ∈ (a, b))

= O(h4).
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3. EEEzzzCotesúúúªªª:

òf«m[xk, xk+1]o�©§�ÙS©:�g�xk+ 1
4
, xk+ 1

2
,xk+ 3

4
,

3z�f«m[xk, xk+1]þ^Cotesúª§�n�∫ b

a
f(x)dx ≈ h

90
[7f(a) + 32

n−1∑
k=0

f(xk+ 1
4
) + 12

n−1∑
k=0

f(xk+ 1
2
)

+32
n−1∑
k=0

f(xk+ 3
4
) + 14

n−1∑
k=1

f(xk) + 7f(b)]

:= Cn,

Ù¥xk+ i
4

= xk + i
4h = x0 + (k + i

4)h (i = 1, 2, 3), ¡þª�EEE
zzzCotesúúúªªª.
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EEEzzzCotesúúúªªª���{{{���(���äääØØØ���)

�f ∈ C6[a, b]�§KEzCotesúª�{�(�äØ�)�

R(f) =
∫ b

a
f(x)dx− Sn

= −2(b− a)
945

(
h

4
)6f (6)(ξ) (ξ ∈ (a, b))

= O(h6)
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5:

(1) �f ∈ C[a, b], N´�y: �h → 0(n →∞)�§Tn, Sn, Cnþ

ÂñuÈ©
∫ b
a f(x)dx.

(2) ¦^Ez¦ÈúªO�È©Cq��§�±�â¦Èúª�
�äØ�?1k��O§±(½Ü·��©Ú�h. �´�
äØ��L�ª¥�¹k�È¼ê��ê§
�O�È¼ê

�ê����  ´é(J�§3¢SO��§�æ^Ú�

Åg~��¦È{5)ûù�(J.

~K

|^Ez¦ÈúªO�È©:

I =
∫ 1

0

4
1 + x2

dx.

¢#à 1ÊÙ ê�È©�ê��©



§9.1 ê�¦Èúª9Ù�ê°Ý §9.2 Newton-Cotes¦Èúª §9.3 Ez¦È{ §9.4 CÚ��¦Èúª�Romberg�{ §9.5 Gauss.¦Èúª §9.6 ê��©

))): (1) ò«m[0, 1] 8�©§Ú��h = 1
8§È©!:

�xk = 1
8k (k = 0, 1, · · · , 8). dEzF/úªO�§¦�

I = T8 =
1

2 · 8
[f(0) + 2

7∑
k=1

f(xk) + f(1)] = 3.138988.

(2) ò«m[0, 1] 4�©§Ú��h = 1
4§æ^EzSimpsonúªO

�§¦�

I = S4 =
1

4 · 6
[f(0)+4

3∑
k=0

f(xk+ 1
2
)+2

3∑
k=1

f(xk)+f(1)] = 3.141593.

ÏLþ¡�O�(J��§3O�þÄ��Ó�§Ez

Simpsonúª¦��(J'EzF/úªO��(J�°(�õ.
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�!CÚ��¦Èúª

1. VVVggg:

Ez¦Èúª¡�½½½ÚÚÚ������¦¦¦ÈÈÈúúúªªª.

AAA:::µ

§éJp°Ý´1�k��. �´é�½�°Ý§�(½��Ü
·�Ú�  J±��.

Ïd§3¢S¥§��æ^CÚ��¦Èúª.

½Â

4Ú�ÅÚò��L§¥§�E¦^Ez¦Èúª?1O�§�

���ügO�(J���ýé��u·�#N°Ýε��¦�
ª�O�§ù«�{¡�CCCÚÚÚ������¦¦¦ÈÈÈ���{{{.
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2. CCCÚÚÚ������FFF///¦¦¦ÈÈÈúúúªªª
ò«m[a, b] n�©§Ú��h = b−a

n §¦È!:�xk = a + kh,
(k = 0, 1, · · · , n), KEzF/¦Èúª�

Tn =
h

2

n−1∑
k=0

[f(xk) + f(xk+1)].

,�rÚ�hò�§=r«m[a, b] 2n�©§2^EzF/¦Èú
ª¦)§�

T2n =
h

4

n−1∑
k=0

[f(xk) + 2f(xk+ 1
2
) + f(xk+1)] (xk+ 1

2
=

xk + xk+1

2
)

=
h

4

n−1∑
k=0

[f(xk) + f(xk+1)] +
h

2

n−1∑
k=0

f(xk+ 1
2
)

=
1
2
Tn +

h

2

n−1∑
k=0

f(xk+ 1
2
).

¡þª�CCCÚÚÚ������FFF///úúúªªª.
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5:

(1) dCÚ��F/úª��§¦T2n�§�I�O�#O\¥

:xk+ 1
2
?�¼ê�f(xk+ 1

2
), 2dTn��, �¦�T2n.

(2) Ï~ò«m[a, b]��©ê�g��

1 = 20, 2 = 21, 4 = 22, 8 = 23, · · · .

ÏLªf|T2k − T2k−1 | < ε (ε�ýk�½�#N°Ý) 5�
�é©gê. ��÷vªf|T2k − T2k−1 | < ε§ª�O�§
KT2k�¤¦È©�Cq�. ÄK2©.

~K (�P261 ~9.3)

^CÚ��F/úªO�

I =
∫ 1

0

sinx

x
dx.
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3. T2n������I(f)���CCCqqq���������äääØØØ���
dEzF/úª��äØ�L�ªR(f) = − (b−a)

12 h2f ′′(ξ),
(ξ ∈ (a, b)), �

I(f) =
∫ b

a
f(x)dx = Tn −

(b− a)
12

(
b− a

n
)2f ′′(ξ1), (ξ1 ∈ (a, b))

I(f) =
∫ b

a
f(x)dx = T2n −

(b− a)
12

(
b− a

2n
)2f ′′(ξ2), (ξ2 ∈ (a, b)).

ef ′′(x)3[a, b]þCzØ��§Kf ′′(ξ1) ≈ f ′′(ξ2). dþ¡�ü�
ªf��

I(f)− Tn

I(f)− T2n
≈ 4,

�n�

I(f) ≈ T2n +
1

4− 1
(T2n − Tn) =

4
3
T2n −

1
3
Tn.

¤±éAuCq���äØ�Cq�1
3(T2n − Tn).

¢#à 1ÊÙ ê�È©�ê��©



§9.1 ê�¦Èúª9Ù�ê°Ý §9.2 Newton-Cotes¦Èúª §9.3 Ez¦È{ §9.4 CÚ��¦Èúª�Romberg�{ §9.5 Gauss.¦Èúª §9.6 ê��©

5: ÏLaq�í�§��

(1) éEzSimpsonúª§ef (4)(x)3«m[a, b]þCzØ��§
k

I(f) ≈ S2n +
1

42 − 1
(S2n − Sn).

(2) éEzCotesúª§ef (6)(x)3«m[a, b]þCzØ��§k

I(f) ≈ C2n +
1

43 − 1
(C2n − Cn).
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�!Romberg�{

r«m[a, b]©¤2n�©§dEzF/úªO�I(f)�Cq
�T2n�Ø����

1
3(T2n − Tn). e^T2n + 1

3(T2n − Tn)�
�I(f)�Cq�§'I2n�°(§���~�Ø�§Jp°(§

Ý.

Romberg���{{{´|^CÚ��F/¦ÈS�{Tzk}²L	í\�

%CÈ©°(���«�{.

1. (1) Tn���Sn���mmm���'''XXX:

du

Tn =
h

2
[f(a) + 2

n−1∑
k=1

f(xk) + f(b)],

T2n =
1
2
Tn +

h

2

n−1∑
k=0

f(xk+ 1
2
),
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Ï


4T2n − Tn

3
=

2
3
Tn +

2
3
h

n−1∑
k=0

f(xk+ 1
2
)− 1

3
Tn

=
1
3
Tn +

2(b− a)
3n

n−1∑
k=0

f(xk+ 1
2
)

=
b− a

6n
[f(a) + 2

n−1∑
k=1

f(xk) + f(b) + 4
n−1∑
k=0

f(xk+ 1
2
)].

2dEzSimpsonúª§¤±

Sn =
4T2n − Tn

4− 1
.
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5: þª`²òÚ�~�c�O�Ñ5�EzF/úª�Tn

ÚT2n�±)¤EzSimpsonúª¥Sn��. òØ�dO(h2)C
¤O(h4)§l
Jp
%C°Ý§`²Sn'T2n�°(�õ.
� P259~9.2.

(2) Sn���Cn���mmm���'''XXX:

Ón§|^SnÚCn�L�ª§��

Cn =
42S2n − Sn

42 − 1
=

16
15

S2n −
1
15

Sn.

ÏLþª��§þªòØ�dO(h4)C�O(h6), %C°Ýq�g
Jp.
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(3) :

|^CnÚI(f) ≈ C2n + 1
43−1

(C2n − Cn)�L�ª§�
�C2n + 1

43−1
(C2n − Cn)'C2n�°(�Cq�. P�Rn, =

Rn = C2n +
1

43 − 1
(C2n − Cn) =

43C2n − Cn

43 − 1
.

ÏLþª��§þªòØ�dO(h6)C�O(h8), %C°Ý2gJ
p.
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5:

(1) ÏLþ¡(1),(2),(3)�í�§��dS�{T2k}=���Åg
¦�S�{S2k}, {C2k}Ú{R2k}. �ù�^È©�eZ�Cq
�í�Ñ�°(Cq���{¡�	í�{.

(2) S�{T2k},{S2k}, {C2k}Ú{R2k}©O¡�F/S�§
SimpsonS�§CotesS�ÚRombergS�.

(3) |^RombergS���±UY	í§�du	í��E#�
¦ÈS���S��OØ�§ÏdÏ~�	í�RombergS
���.

(4) ÏL'XªSn = 4
3T2n − 1

3TnO�Sn '��^EzSimpson
úªO�Sn�O�þ��õ.
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2.

½Â

|^RombergS�¦È©��{¡�Romberg���{{{. úª

Rn =
43C2n − Cn

43 − 1
.

¡�Rombergúúúªªª.

3. Romberg���{{{���OOO���666§§§LLL

k T2k S2k−1 C2k−2 R2k−3

0 T1

1 T2 S1

2 T4 S2 C1

3 T8 S4 C2 R1

4 T16 S8 C4 R2
...

...
...

...
...


. ~~~KKKµµµ�P265~9.4.
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